We prove that a closed 3-dimensional manifold is a torus bundle over the circle if and only if it carries a closed nonsingular 1-form which is linearly deformable into contact forms.
Introduction
A contact form on a (2n + 1)-dimensional manifold M is a 1-form α such that α ∧ (dα) n is a volume form on M. The system of equations α(Z) = 1 and dα(Z,X) = 0 for arbitrary X uniquely determines a vector field Z called the Reeb vector field or the characteristic vector field of α. The tangent subbundle ξ = kernα of rank 2n is called the contact structure associated with α. In general, a contact structure on a (2n + 1)-dimensional manifold is a rank 2n tangent subbundle which is locally determined by contact forms (see Blair's book [1] for more details about contact structures).
The manifolds in this paper will be assumed to be oriented and all the plane fields considered herein are supposed to be transversely orientable. Let ξ be a hyperplane field on a manifold M. When ξ is a foliation, we say that ξ is deformable into contact structures if there exists a one parameter family ξ t of hyperplane fields satisfying ξ 0 = ξ and for all t > 0, ξ t is contact. It is well known from Eliashberg and Thurston's work [3, page 31, Theorem 2.4.1] that any oriented codimension 1, C 2 -foliation on an oriented 3-manifold can be perturbed into contact structures, except the product foliation of S 2 × S 1 by spheres S 2 . It was then unknown if this approximation can always be done through a deformation. In this paper, we deal with particular deformations called "linear." For a foliation ξ defined by a 1-form α 0 , a deformation ξ t defined by 1-forms α t is said to be linear if α t = α 0 + tα where α is a 1-form on M (independent of t). We point out that our definition of linearity is weaker than that of Eliashberg and Thurston [3, page 23] . In [2] , the following theorem was proved.
Using this theorem, we will obtain a characterization of T 2 -bundles over S 1 .
Torus bundles over S 1
In dimension 3, one has the following characterization of T 2 -bundles over S 1 . To prove that (ii) implies (i), we will exhibit on every T 2 -bundle over S 1 a contact form α whose characteristic vector field Z is tangent to the fibers T 2 . α 0 can then be taken to be the pullback of dθ, the volume form on S 1 , under the fiber projection map. Suppose that M is an orientable T 2 -bundle over S 1 with monodromy A ∈ SL 2 Z. Following Geiges and Gonzalo [5] , we consider 3 different cases. Case 1 (traceA ≥ 3). The manifold M is a left quotient of Sol 3 , the solvable Lie group defined as a split extension of R 2 by R. The group R acts on R 2 by z · (x, y) = (e z x,e −z y). Sol 3 can be identified with R 3 with the following multiplication:
The bundle projection is given by (x, y,z) → z (see [7] ). On Sol 3 , set 2) n ∈ N, g is a smooth, monotone increasing function that satisfies
The 2-form dα is given by
Since the coefficient in α ∧ dα is bigger than 2πn/γ − g (z), one sees that for n large so that 2nπ/γ − g (z) > 0, α defines a contact form on Sol 3 that is invariant under Γ, the discrete subgroup generated by elements of the form (α 1 ,β 1 ,0), (α 2 ,β 2 ,0), (0,0,γ). Moreover, the characteristic vector field Z of the induced contact form is given by
for some functions F and G on M. Therefore, Z is tangent to the fibers of the projection map Sol 3 → Γ\Sol 3 . Case 2 (traceA<−3). The manifold M is diffeomorphic to a quotient of the form Γ\Sol 3 where Γ is generated by elements (α 1 ,β 1 ,0),(α 2 ,β 2 ,0) in Sol 3 and a generator (see [4] )
for odd n. The same calculations as in the previous case show that α induces a contact form on Γ\Sol 3 whose characteristic vector field is tangent to the fibers of the projection map. Case 3 (the trace of the monodromy matrix A satisfies | trace A| ≤ 2). In this case (see [6] ), either A is a periodic matrix or it is conjugate to ±A k ,
Subcase 1 (A is conjugate to A k ). The manifold M is a left quotient of Nil 3 . Nil 3 can be thought of as R 3 with the multiplication
Every compact left quotient of Nil 3 is diffeomorphic to one of the form Γ k \Nil 3 , k ∈ Z/{0}, where Γ k is generated by elements (k,0,0),(0,1,0),(0,0,1) . The left quotients are precisely the T 2 -bundles over S 1 with monodromy A k , the bundle projection being given by (x, y,z) → y.
Set
where f is a smooth, monotone increasing function that satisfies
One sees that dα is given by Let ω 1 ,ω 2 ,ω 3 be the dual coframe of left invariant 1-forms on E 2 . ω 1 and ω 2 are contact forms, ω 3 is a closed 1-form. The foliation defined by ω 3 passes down to any left quotient of E 2 into the fibration by T 2 . Each of the contact forms ω 1 , ω 2 passes down to the T 2 -bundle, with characteristic vector field tangent to the fibers T 2 .
On a T 2 -bundle over S 1 , it is not just the pullback of the volume form on S 1 that is linearly deformable into contact forms. One has the following proposition. Proof. Let α 0 be a rational, nonsingular, closed 1-form on M. α 0 defines a Σ-fibration of M over S 1 , where Σ is a closed surface. Since the homotopy groups π p (S 1 ) are trivial for p ≥ 2, the homotopy exact sequences of the two fibrations contain the following short exact sequences:
It follows that Σ has to be a torus. The rest of the proof is as the proof of (ii) implies (i) from Theorem 2.1.
Corollary 2.3. Any fibration over the circle S 1 on the three-dimensional torus T 3 is linearly deformable into contact structures.
In [2] , we give an example of transversely affine foliation which is linearly deformable into contact structures. Here, we will prove the following generalization of this example.
Proposition 2.4. On a three dimensional closed manifold, every transversely affine foliation of codimension 1 with holonomy is linearly deformable into contact structures.
Proof. The proof is based on the principe of deforming a foliation near a curve of nontrivial holonomy (see [3] ). It is known that (see [8] ) a transversely affine foliation with nontrivial holonomy on a compact manifold has only finitely many compact leaves and each of them has nontrivial holonomy, hence a curve with nontrivial holonomy. 
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